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859. 


ON THE COMPLEX OF LINES WHICH MEET A UNICURSAL 
QUARTIC CURVE. 


[From the Proceedings of the London Mathematical Society, vol. xvi. (1886), 
pp. 232—238.] 


: THE curve is taken to be that determined by the equations 
eey na Ma nO LAP SO 
viz. it is the common intersection of the quadric surface Q=0, and the cubic surfaces 
P=0, Q=0, R=0, where 
O=aw-yz, P=a2-y, Q=a2-yu, R=z—yw. 
Writing (a, b, c, f, g, h) as the six coordinates of a line, viz. 
(a, b, c, f, g, h) 2 (Bz — yy, ye — az, ay — Bo, aw — dx, Bw — By, yw — 62), 


if (a, B, y, 8), (£, y, 2, w) are the coordinates of any two points on the line; then, if 
the line meet the curve, we have 


h0 — gë + abt — 0, 

—h . +f +b#=0, 

g—-f8 . +c#=0, 

—0—b0-—c0* . 20, 
from which four equations (equivalent, in virtue of the identity af+ bg 4- ch — 0, to two 
independent equations), eliminating 0, we have the equation of the complex. The form 


may, of course, be modified at pleasure by means of the identity-just referred to, but one 


form is 
Q, =a — bh + bf?g + cg? — acf h + eh — Aa?ch + af? — a f= 0, 


as may be verified by substituting therein the values « — —50—c0*, g—f0 — c0*. 
]-f0*--b0*. The last-mentioned equation is thus the equation of the complex in 
question, in terms of the six coordinates (a, b, c, f, g, h). 
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If for the six coordinates we substitute their values, Bz—yy, &c, we obtain 
Q, =(a, y, z, w) (a, B, y, 85*—0, which, regarded as an equation in (a, y, 2, w), is 
the equation of the cone, vertex (a, 8, y, 8) passing through the quartic curve; 
this equation should evidently be satisfied if only ©, P, Q, R are each =0, viz Q 
must be a linear function of (0, P, Q, R); and by symmetry, it must be also a 
linear function of (®,, Pi, Qo, Ry), where 


@,=a3— By, Py=a'y—B, Qa - A'S, R= y- B». 


viz. the form is Q, = (®©, P, Q, R)(®, Pi, Q, Ro), an expression with coefficients which 
are of the first or second degree in (w, y, z, w) and also of the first or second degree 


in (a, B, y, 9). 


To work this out, I first arrange in powers and products of (a, 8), (B, y), ex- 
pressing the quartic functions of (v, y, z, w) in terms of (©, P, Q, R), as follows: 


Q= 
at | -oh | +0629 | +eg? | -acfh | 280 |—4ateh | +af? | -af | 
0 | 
— 2 + yzw? — A+yew" — 2R 
— 2eyzw + 2y?2? - Qayzw --2y*z2 - 2y20 
+ wyz |= yi + xyz-y!4 + yP 
0 
- gw? + zw 0 
+ 2azw? + yew — Buzw? — vzw?+yz?w - zw0 
- a?zw |+8y2w |- xyz? |- 4xyz? + Ba?zw + 2a%2w + B8y3w — Says? | + 2az0 -3yQ 
+ ey | - wz + ay’ - xz - «P 
+ 23w - yw + zw- yw? + wR 
T8922 |- vyw? — yew |-Ay?zw +Bayw + 3x23 + Qeyw? — 5y2zw | + 2ywO+32Q 
+ 2a?yw + æy? — Ba?yw — a?yw 4 ayz? - vy0 
= a?y d a?y 0 
. 0 
+ ocu? — yzw? + gw? -— yzw? + wd 
— Baz*w + yw? |+2y?w? — Bx2%w + 3y?w? — BwQ 
i — By?w? |- az?w + 4yz? — By?w? — vz?w + 4yz? - 420 +83wQ 
— 942)? + 2xyzw | + 8zyzw | — By?2? — 922w? + 1L0ayzw — 8y?z? | + ( — 2aw + 8yz)O 
— Baz? - ay^w + Ay?z — Baz? — ay?w 4- 4y?z - 4y*0 - 9zQ 
—Say*w |+ x22? | + 2x2? — Say?w + 3222? +3xQ 
+ dw — a*yz Qo |+ ew - a*yz + 20 
0 
+ yw? — Bw |+ ywi-2w - WR 
+ vzw? — 4y2%w +3y22w |+ azw?—yz?w + zw 
— gyw? |- 4ayw? | + 8y?zw —8y?zw | —5ayw? + d5y?2w -- 5ywO 
+Ba?zw — 4y*w + yow |+Blzw — 3y>w +3wP 
+3xyw? — 4zz? + a23 | + 8aryw?— 3x28 -832R 
— a?zw |-4a?zw |+8ryz? — Bayz? |— 5æ?zw +5xyz? — 5x20 
ayw — 4xy?z +3xy?z |+ a*yw —ay%z + «yO 
- ay |+ az- ay) + zP 
J+ 2-2aw? + zR—w?0 
+Avz?w — 4yz? + Avz?w +420 
+2a?w? | - Bayzw + 2a%o — 8ryzw +6y?2? |+(2zw—6yz) O 
+ 4Aay?w — 4y?z + 4ay?w +4y?0 
+ y* — asw = yP -xO 
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Collecting the terms multiplied by P, Q, R, ©, respectively, we have | 
Q= P {yas — sp + way? + anyè — yy} 
+ Q (— 3ya88* + 32a*y6 — Sway + 3waj8*6 — 3xay ð + 3a 8*6") 
+ R{— za"ò + wary — wap? — 3x68 + 2B} 
+ O [— 2yza*8? — zwa BÒ + ZazaBò? + 2ywaryd — xyays 
+ wa?» — 4z'a[g*8 + (— 2aw + 8yz) aByd — Aq?any? + a? By Sd 
+ zwa fèy — 5ywaBysd — 5wzB'yò + ayByò 
— w'* + 4z'By + (2aw — 6yz) By + Ay By! — ^y), 
which may be written as follows :— 
Q= P {y(ad*—9') + (yè — Bè) + P (Swap) 
+ Q [3x (BÒ? — ary*8) + 3w (a8*8 — ay”) + Q (3zatyè — 3ya88") 
+R{-2(®ò— B) + w (ay —a6%)} +R(= af) 
+ © [zw (— #86 + aB?y) 
+ 22 2(a80? — B'yò) + 0 (— 322B'yò ) 
+ yw 2 (ayè — aBy?) + 9 (— 3ywaBy’) 
+ ay (— ayè + Byò) 
+ cw 2 (— aBryd + By) 
+ yz (—Zawò? + 8aByd — 6B'y”) 
Ta? (Bye — y) 
+y°4(—ay’d By) 
+ 224 (— apò + Bey) 
Tw (#8y— Bi) b 


in which all the terms contained in the { } admit of expression in terms of 
P, Q, Ry, 8,; the remaining six terms not included within { | may be written 


3wPa (yè? — BÒ) + 3 (wP — yQ) aBò — 30ux2zB'yò, 
— 3« R6 (B* — æy) + 3 (aR + 2Q) deyò — 3Oywaß y’ ; 
which, observing that wP — yQ = zz0, and — «E +2Q — ywO, are 
. — 3wPa (y? — BÒ) + 3228 (a0? — 8*6), 
— 3« R6 (B — ay ) + BywE (yò — aBy’). 
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‘The expression thus becomes 


Q= P. cxw(y9-—9g8?) = «dR, 

+ y (ad — y!) =  y(-yl-- 80) 
+ 3wa (y? — 88?) = Swak, 

+Q.— 3a (B'S? —ary’d) = — 3r6Q, 
+ 3w (af8*6 — a'y") = — 3waQ, 

+R .— 3x6 (B? — a'y) = 3«6D, 
— 2(@d— Bi = 2(—BP,-2#0,) 
+ w(aky — agi) = waP, 

+0. zw(—œßò + apy) =— zwaß®, 
+ 5az (aß? — B*y8) = 5az8d0, 
+ 5yw (ayè — ary?) = 5yway®, 
+ ay (— aye + By) =— ayyòB, 
+ 2aw (— aByò + Bay?) = — JawByO, 
+ yz (— 249 + 8aBryd — 69?) = — 2yz (aò — 38y) O, 
+ æ (Byè—n) =— aW, 
+ 4y* (—ary’d + Bo) = — 4y^'8, 
+42? (— apò + By) = — 422828, 
+ w? (apy — B*) =  wgP; 


and we thus finally obtain 
Q= PR, (Baw — yy + 82) 

+ RP, (38a — Bz + aw) 

+ P, . dy 

+ RO,.— az 

+ PO. Bw 

+ R6 re ya? 

+ 90, (— aBzw — yòzy + 5Bòzz + 5ayyw — 2Byaw — 2adyz 

— depa? + 6Byyz — 4825, 

viz 2=0 is the equation of the cone, vertex (a, 8, y, 5), which passes through the 
quartic curve w : y : z: w—1 : 0: 6: 6. As regards the symmetry of this expression, 
it is to be remarked that, changing (v, y, z, w) and (a, B, y, 9) into (w, z, y, w) and 
(8, y, B, a) respectively, we change (9, P, Q, R) and (8,, Po, Q, Fo) into (O, — R, — Q, — P) 
and (0, — Ro, — Qo, — P,), respectively, and so leave Q unaltered. Again, interchanging 


(a, y, 2, w) and (a, 8, y, 8), we interchange (0, P, Q, R) and (9, P,, Q, Ej), and 
so leave Q unaltered. 
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